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Abstract 

The Wodzicki residue and the cut-ofF integral extend to classical symbol valued 
forms. We show that they obey a Stokes' type property and that the extended 
Wodzicki residue can be interpreted as a complex residue like the ordinary one. 
In the case of cut-off integrals, Stokes' property (i.e. vanishing on exact forms) 
only holds for non integer order symbol valued forms and leads to an integration 
by parts formula and translation invariance for cut-off integrals on non integer 
order classical symbols. 

The extended Wodzicki residue yields an even residue cycle on classical symbols 
and an odd cochain (the cosphere cochain) which measures an obstruction to 
Stokes' property of the cut-off integral on integer order symbol-valued forms. 

Resume 

Le residu de Wodzicki et I'integrale regularisee par troncature s'etendent aux 
formes a coefficients symboles classiques. Nous montrons que que I'un et I'autre 
possedent une propriete de Stokes et que le residu de Wodzicki des formes s'interprete 
comme un residu complexe, de la meme maniere que le residu de Wodzicki ordi- 
naire. 

Dans le cas de I'integrale regularisee par troncature, la propriete de Stokes (i.e. 
I'annulation sur les formes exactes) n'est verifiee que pour les formes d'ordre non- 
entier. Elle implique une formule d'integration par parties et une invariance par 
translation pour I'integrale regularisee des symboles d'ordre non-entier. 
Le residu de Wodzicki ctendu induit quant a lui un cycle de dimension paire sur 
I'algcbre engendree par les symboles classiques, ainsi qu'une cochaine de degre un 
de moins (la cochaine cosphere) qui mesure I'obstruction a la propriete de Stokes 
pour les formes d'ordre entier. 
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Introduction 



Wc discuss generalisations of Stokes' property da — for ordinary integrals of 
forms a with compact support (or tending to zero rapidly enough at infinity) in 
an open subset U of IR" to regularised integrals of classical symbol valued forms 
on an open subset of H". Although consequences of such a formula such as inte- 
gration by parts and translation invariance for regularised integrals are commonly 
used in the physics literature to compute Feynman graphs, the only explicit refer- 
ence we could find in the literature to Stokes' formula for regularised integrals is 
in ^ . Etingof considers dimensional regularisation which he applies to a class of 
functions relevant for physics, namely functions of Feynman type, proving Stokes' 
formula for corresponding regularised integrals of top degree forms. 
Here, we consider general regularisation procedures and all classical symbol valued 
forms, proving Stokes' formula with pseudodifferential theoretic tools; an essen- 
tial obstacle to Stokes' formula turns out to be the Wodzicki residue extended to 
forms, to which we devote a large part of the paper. 

The Wodzicki residue extended to classical symbol valued forms is the topic of 
the first part of the paper. It satisfies Stokes' property and therefore defines a 2n- 
cycle on the algebra of classical symbols with compact support on an open subset 
U C K" equipped with the left product of symbols * (Theorem EJ. Its associated 
residue character is a cyclic *-Hochschild cocycle: 

(cto, • ■ ■ , cr2„) ^->■ res (ctq * dcri A* • ■ • A* d<72n) 

where res is the extended residue and where A* is the product on the graded dif- 
ferential algebra of classical symbol valued forms induced by the left product on 
symbols and d the exterior differentiation on T*U . 

On classical pseudodifferential operators of order 0, this ★-Hochschild cocycle re- 
duces to a cyclic Hochschild cocycle for the ordinary product for we have: 

res ((To * rfcTi A* • • • A* da2n) = res (ctq ddi A ■ • • A da2n) ■ 

It coincides up to a multiplicative constant with the analog in the context of clas- 
sical symbols of the antisymmetrised 2n-cocycle introduced in |CFSj and further 
investigated in [H] in the context of star-deformed algebras: 

(-*)" 

res(cro * dai A* • • • A* dcr2n) =■ Ares (cro * ^'(o-i, 0-2) * • • ■ ^ Q{c!2n~\,02n)) 

where we have set 6{<Ti,(jj) = cri aj — di ■ aj as in |Hj, |('FSj . Here A is the 
antisymmetrisation over all but the first variable. 

The second part of the paper is devoted to cut-off integrals which we also ex- 
tend to classical symbol valued forms. We show they obey Stokes' property when 
restricted to non integer order symbols with compact support (see Theorem^J. As 
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a result, we get an integration by parts formula for cut-off integrals on non integer 
order symbols and show translation invariance for cut-off integrals on non integer 
order symbols. 

Stokes' property does not hold anymore on integer order symbol valued forms with 
compact support; as a result, one does not expect to define a cycle on the algebra 
of classical symbols using cut-off integrals. Rather, we express the obstruction to 
the cyclicity of a 2n-cochain defined in terms of cut-off integrals of symbols 

(o-Q, ■ • • ,0-2n) f ((To * C?0'1 A, • • • A, d(T2„)o 

where the subscript stands for the 0-order part of the symbol valued form, in 
terms of the cosphere 2n — 1-cochain defined in a similar way to the residue char- 
acter (Proposition EJ. 

Finally, in the third part of the paper, we show that the relation between complex 
residues and the Wodzicki residue extends to symbols valued forms (Theorem EJ: 

ReSz=zo 7 ^(z) = 77-^res(tj(zo)), 

where uj{z) is a holomorphic family of classical symbol valued forms of order a{z) 
and res(ci;(zo)) the Wodzicki residue of uj{zo). 

We also extend Stokes' formula to cut-off integrals of holomorphic families of sym- 
bol valued forms uj(z) obtained from a symbol valued form lu via a regularisation 
procedure (see Theorem EJ: 

J d (w(z)) = 0. 

In the case of dimensional regularisation and when applied to forms built from 
Feynman type functions, this corresponds to a result already proven in [Ej . 
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1 General scheme 



Take X an open subset of H™, and A C C°^{X). Any associative (not necessarily 
commutative) product on ^ induces a product A^, on the set flA of forms a on 
X which are of the type: 

a{x) = aj{x)dxi, aj E A 
I 

as follows: 

{ai{x)dxi^ ■ ■ ■ dxij A* {(3j{x)dxj^ ■ ■ ■ dxjj = {ai^ [3j){x) dxi^ ■ ■ ■ dxi^dxj^ ■ ■ ■ dxj^ 

which makes it a IN-graded algebra. If A is stable under partial derivations, then 
the exterior differential d acts on flA increasing the degree by 1: 

m 

d{ai{x)dxi^ ■ ■ -dxi^) = '^^djai{x) dx-jdxi^ ■ ■ -dxi^. 
i=i 

Clearly, equality o?^ = comes from the odd parity of the dxi which implies 

dfjc diij J — doc J ditij 2 ■ 

Let us furthermore assume that partial derivations di on A obey the Leibniz rule, 
i.e. 

di {a -k b) — dia -k b + a-k dib V Z = 1, • ■ • , to., Va, 6 G ^. 

Then d is a graded derivation on flA; indeed, for any set of indices / = {ii, • • ■ , ip} 
and J = {ip+i, ■ ■ ■ , ip+q} we have 

d {{ai{x)dx^^ ■ ■ -dxij A* {f3j{x)dxi^^^ ■ ■ -dx^^^J) 
= d{{ai{x)i^ I3j{x))dxi^ ■ ■ ■ dxi^dxi^^^^ ■ ■ ■ dx^^^^)) 

p+q 

= ^ di{ai{x) k f3j{x)) dxidxi^ ■ ■ ■ dxi^ dxt^^^ ■ ■ ■ dxi^^^ 
1=1 
p 

= ^ diai{x) ★ I3j{x) dxidxi^ ■ ■ ■ dxi^ dxi^_^^ ■ ■ ■ dxi^^^ 
1=1 

q 

+ {-lY'^ai{x) ^ dil3j{x) dxi^ ■ ■ ■ dxi^ dxidxi^^^ ■ ■ ■ dxi^^^ 
1=1 

= d {ai(x)dx^^ ■ ■ ■ dxjp) A* [(ij{x)dxi^^^ ■ ■ ■ dx^^^J 

+ (-l)P {ai{x)dxi^ ■ ■ ■ dxi^) A* d [Pj{x)dxi^^^ ■ ■ ■ dxi^^^) . 

A linear map: t : A ^ ^ induces a linear map f : ^A (C defined by: 
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Definition 1 Let a e flA. 

f {ai{x)dxi) = T{ai), if |/| = m; f {ai{x)dxi) = otherwise. 
We set: 

Xfc(ao, ■■■ ,ak) ■■= f (ao *dai A* ■ • ■ A* duk)- 

Lemma 1 // 

T([a,6]*) = ya,beA, and fod = 

then {QA,d,f) defines an m- dimensional cycle with character (cq, ■ ■ ■ ,am) '—^ 
Xm(aoi ■ ■ ■ iflm) which yields a cyclic Hochschild cocycle. 

Proof: Since r ([a, 5]*) = we have that 

r(aA,/3) ^ (-l)l"l-l/3| . ^ a), 

which combined with f o c? = provides an m-cycle. □ 

Proposition 1 Let p : ^ — > (D be a linear map, let p : flA — > (C induced from p 
as above, and let 

f :^ p o d. 

L Then for any ai, • • • ,ak E A 

-BoXfc(ai,a2, • • ■ ,ak) = f{ai*da2 A* • • • A* duk). 

2. If moreover there is a trace t on A (i.e. t (\a,b]i,) = 0\fa,b £ A) such that 
f coincides with the linear form on flA associated with t as in definition 1 
above, then (f2^, d, f) defines an m-dimensional cycle with character 

Xm(ao, ■ • ■ , flm) T{ao ★ dai A* • ■ • A* dam), 

which yields a cyclic Hochschild cocycle. 

Proof 

1. Since f = p o d 

BoXki"-!,- ■ ■ ,ak) = Xfc(l,ai, • • • ,afe) 

= p{dai A* • • • A^ dok) 

~ f{a\ -k da2 A* • • • A* dok). 

2. This follows from the above lemma since fod — pod^—Q. 



5 



□ 

Let A now be equipped with two (associative) products, the pointwise com- 
mutative one • and a non commutative one 7k-. Following ^ and jCFSj we set 

6{a, h) := a-k b — a.b. 



Proposition 2 Let t : A ^ fC be a trace with respect to the non- commutative 
product -k. Then 

4>2k (ao, oi, • • • , a2k) ■= T (aa* 9{ai,a2) * • • ■ * 0{a2k~i,a2k)) 
defines a b + B-cocycle, namely 

H2k + ^ ^ ^ B(f)2k+2 = 0. 

Proof: The proof of [Hj and [CFS] adapts to this general set up in a straightforward 
manner. The assumption there that the star product be closed corresponds here 
to the cyclicity of r. One first shows that &02fc = with 

n-l 

&x(ao,--- ,an) = x(ao*ai,-- - ,aj,aj+i,--- , a„) + ^(-l)^x(ao, • • • .a-j ■ O'o+ir ■ ■ ,a.n) 

+ (-l)"+^x(ao, ■ ■ ■ , a«-i * an). 
The result then follows comparing b(j)2k and 6^2fc, which yields 

H2k{aiir-- ,a2k+i) = -r (6'(ao, ai) 6'(a2, 03) ★••■) + r (6'(a2fe+i, ao) ★ 6l(ai, 02) ) 

□ 

In what follows we apply these constructions to the algebra of classical symbols 
with compact support on an open subset of H" letting r be the Wodzicki residue 
on and p the cut-off integral of symbols 

2 Classical symbols valued forms 

Let us first set some notations. 

Let U be an open subset of H". Let 5"(C/) C C°°{T*U) denote the set of scalar 
valued symbols on U of order m e R, S{U) := [jmGM^"'iU) C C°°{T*U) the 
algebra of all scalar valued symbols on U, S~°°{U) := flmeiR'^'^C^) the algebra 
of scalar smoothing symbols. We fix a norm on H". Let x be a smooth function 
on T*U such that xi^^O = for I'^l < 1/2 and x{x,0 = 1 for |^| > 1. 
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Definition 2 a £ S"^(U) is a classical symbol if for any positive integer N we 
can write: 



N 

<^ = '^X(^ni-i + (T^N)- (1) 

i=0 

where Um-i is positively homogeneous of order m — i (i.e. 

for any i > and any (x,^) G T*U — {0}j, and where o-(n) *s a symbol of order 
m — N — 1. We write for short 

oc 
i=0 

Let CS"^{U) denote the class of scalar classical symbols of order m and CS(U) = 
{[Jj^^(^CS"^(U)) the algebra generated by scalar classical symbols of all orders. 
Similarly, let C S^^(U) denote the subsets of classical symbols of order m with 
compact support in U and CScomiU) = (Umgc ^ ^comi^)) ■ 

C^{U) := U,„G^C5'"(C/) (resp. C^,^{U) := {}^,^CSZ^{U)) forms an ale- 
bra called the algebra of integer order symbols. We shall also consider its com- 
plement, namely the class CS^^{U) := CS{U) - C^{U) (resp. CSf^{U) := 
CScom{U) — C!yfg^{U)) of non integer order symbols. 

Let us equip CScom{U) with the left product of symbols, also called the star 
product, which admits the following asymptotic development: 



a' 

fc>0 \a\=k 

(See for instance |Sh| for details). 

Symbol valued forms on T*U where U is an open subset of K" are defined as 
follows. 

Definition 3 Let k be a non negative integer, m a complex number. We let 

cS'^iU) = {ae n''{T*U), 

a = ^ ai^j{x,()dxi Ad^j 

/C{1.--- ,n},./C{l,--- ,ri},|/| + | J| = fc 

with G CS'""I^I(C/)} 

denote the set of order m-classical symbol valued forms. 
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The left product of symbols * extends to symbol valued forms: given 

a= otij{x, dxi A dij 6 Jl^ CS""(C/) 

i,j,\i\+\j\=p 

and 

/3 = '^kA^^O dxK A d^L e WCff\U), 

K,L,\K\ + \L\=q 

we set 

aA,/? := ^ ^ aij{x,^)*aK,L{x,^)dxiAd£,jAdxK/\d£,L (2) 

7,J,|/| + | J|=A: A:,L,|A:| + |L|=ij 

which lies in f]P+«CS""+"(f/). 

Let n'^CSiU) := (U^ec ^^"(C^)) (resp. f^^C^co™(f/) {[j.^e'C^" CS^miU))) 
be the algebra generated by classical symbol (resp. with compact support) valued 
fc-forms of ah orders. The sets n^C^{U) := U„ezz ^'^ CS"^(C/), Q'^C^^^U) := 
Umezz C''S'™^(;7) form algebras. We shall also consider the sets n''CS'^^{U) := 
[Jm<^^^''CS-^iU) (resp. ni^CSif^iU) := [Jn^t^^' CS^miU))- 

Remark 1 • With these conventions, d^j is of order 1. Also, a k-form of 
order reads a = '^\j\^\j\^f^cti,j{x, ^) dxj A d^j with ajj of order — |J|. 

• The order of a zero degree symbol valued form a G CS™'(U) coincides 
with the order of the corresponding classical symbol a . 

• More generally, any zero order symbol valued k-form on U is of the type 

a— aj^jdxj A d£,j 

\i\+\j\=k 

with aj j of order — | J|. In particular, given any a G CS{U), the top form 
cr_„(x, ^) dxi A ■ ■ ■ A dxn A d^i A ■ ■ ■ A d^n provides an example of positively 
homogeneous zero order symbol valued n-form. 

Lemma 2 A classical symbol valued form a G il^ CS'^{U) of order m has an 
asymptotic expansion of the following form. For any non negative integer N , there 
is a symbol valued form a(Ar) of order m — N — 1 such that 

N 

a = ^ a,ri-j: + a(N) 

i=0 

with am-i X]|7|+|,/|=fe Q;/,./.m-| dxj A d^j is positively homogeneous of order 
m — i, with Q!/,j,,ri-| J|-i positively homogeneous of order m — \ J\ — i. 
Furthermore, the exterior differentiation d sends Vt^CS"''{U) to il'^'^^ C S™ (U) 
and for any integer j < m, we have 

(da) J = daj. 
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Proof: The first part of the statement follows trivially from the description of a 
combined with the properties of ordinary classical symbols. As for the second part 
of the statement we write 

da = d ajjdxj/\d£,j 

\i\+\j\=k 

n Q 

= ^ ^ — a/^j dxi A dxi A 
1=1 |/|+lJ|=fe ^' 

" d 
1=1 \i\+\j\=k°^"' 

which lies in ^''CS{U) since the order of g§—aij d^,„ coincides with that of a/^j. 
The computation above also shows that if a is positively homogeneous of order m, 
so is da, which ends the proof of the lemma. □ 

Remark 2 In particular, for a e f2 CS{U) we have: 

((ia)g — dao- 



3 The Wodzicki residue character on classical sym- 
bols 

3.1 The Wodzicki residue extended to classical symbol val- 
ued valued forms 

Let us first briefly recall the notion of Wodzicki residue on classical symbols |W| . 

m 

Definition 4 Let U be an open subset in M" and x a point in U . The (local) 
Wodzicki residue density of a classical symbol a G CS{U) at point x is given by 

resxicr) = / cT^n{x,£,)ds^, 

where ds^ = Etih^Y^'^^ d^i A • • • A A • • • A d^n and \^\ = {J^^, ^f)^/^ is 
the canonical norm in K". 

For any a G CS{U) with compact support the Wodzicki residue of a is then defined 
as: 

res((T) :~ / reSj.(cr) dx. 
Ju 

Remark 3 For any t > we have ds{t£,) ~ i"dsC o,''^d, (T_„(a;,t^) = t""(T_„(a;, ^) 
so that the form a^n{x, £,) dx A ds^ is positively homogeneous of degree 0. 
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The Wodzicki residue extends from CS{U) to Vl CS{U) in a straight forward man- 



ner. 



Definition 5 For any a = j ajj dxi A d^j G VLCScom{U), for any x ^ U we 

set 

res^ aij dxj A = X! res3;(a/j) dx/ = / (a/j)_„ (a;, £,) dsS., if 

\/.,/ J I I -^I^Hi 

and reSx j '^u '^^i ^ c^O) = whenever \J\ ^ n. 
Similarly, we set: 

res V aij dxi A d^j \ = res(a/j) = / (a/j)_„ (a;, dxAdst if l-^l = 1^1 

and res (^X)/ / "^-f-^ ^ '^C/) ~ whenever \I\ =/= n or \ J\ ^ n. 

It is useful to give an alternative more intrinsic formulation of this extended Wodz- 
icki residue. The form dsS, on T*U can be seen as the interior product ix{^x) of 
the volume form fl^ := d^i A • • • A d^n on T*U with the Liouville (or radial) field 

This Liouville field can also be seen as the generator 

x{x,o--=^,, Mx,0 

az if^o 

of the one parameter semigroup of transformations of T*U: 
IR X T*U T*U 



Let p : T*U — {0} S*U denote the radial projection p{x,i) ~ (x, and 
let j : S*U T*U — {0} denote the canonical fibre bundle injection. Clearly 
p o j = Id. We have the following lemma. 

Lemma 3 A form a on T*U — {0} is positively homogeneous of order zero if and 
only if it satisfies one of the two equivalent conditions: 
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1. the form can be written 



dr 

a = p*p+ — A p*j (4) 
r 

with f3,j ^ D,(S*U), and more precisely: 

13 = fa, j^j*{Lxa). 

2. Cx{a) = where Cx is the Lie derivative in direction X. 

Proof: The second condition is equivalent to a{x,e^£_) = a{x,£,) Vi > and 
hence to positive homogeneity of order zero since: 

^^^^11, ft^^Ti, a{x,e*i). 

For any /3 e Vl{S*U) the differential form p* j3 is invariant by dilations, hence 
positively homogeneous of order zero. The first condition then clearly implies that 
a is positively homogeneous of order zero, as — obviously is, hence (1) ^ (2). 
Suppose now that (2) is verified, and seek for (3 and 7 such that 01 holds. As 
= and p o j = Id we clearly have: 

or 
r 

Now txct = tjf ^ A p*7 = p*7, hence 7 = j* p*l = j*{f'XOi)- We have then proved 
the uniqueness of (3 and 7. To prove the existence, notice that the difference: 

dr 

5 = a - {p*j*a H A p*j*Lxa) 

r 

verifies j*S = lxS = 0, hence it easily follows that 5 = 0. So (2) => (1). □ 



Example 1 Given any a G CS{U), the top form 

dr 

aa-(x,r-LL>) := (T_„(x, r ■ cj) da-i A • ■ • A (i.T„ A — A dsu> 

r 

= a-n{x,^) dxi A • • • A dxn A d^i A • ■ • A c?^„ 

is a positively homogeneous zero order symbol valued n-form and we have: 

i-xct<T = o--ndxi A • • ■ A dxn A ds^- 

The following elementary result provides a more intrinsic formulation of the Wodz- 
icki residue extended to forms. 
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Proposition 3 Let U be an open subset of IR". Denote by j (resp. jx for any 
X €U) the injection of S*U (resp. S*U) inside the cotangent bundle T*U (resp. 
inside T*U). Given a £ flCS{U), for any x £ U : 

res^(a) := / j*(tAixao) 
Jsiu 

where A stands for the volume element n\-^^ A • • • A g§-, and: 

res(Q!) := / rcs^ia) dxi ■ ■ ■ dxn ^ / j*('-xao)- 
Ju Js*u 

3.2 Stokes' formula for the Wodzicki residue 
Theorem 1 For any P G CICS{U) with compact support we have 

res {d/3) = 0. 

Proof: Using Cartan's formula, this follows from Stokes' property for ordinary 
integrals, since ((i/3)Q = df3o implies CxdPo ~ Oi hence: 

res {dp) ^ I fiixdPo) = - I fidLxPo) - - / d {j*{ixPo)) = 

JS'U JS'U JS'U 

since S*U is boundaryless. □ 
We recover this way a known integration by parts formula for the Wodzicki 
residue which underlies the traciality property of the Wodzicki residue on classical 
pseudodiffcrcntial operators. 

Corollary 1 For any a G CS{U) with compact support, 



Proof: Let r G CS{U) with compact support. Applying Theorem ^ to P\. 
T_„+i(a;, £,)d£,i A - ■■ ^d\i A- - ■ ^d£,n we get 

^r(x,0^ = ^'^^ (^(^'^'-'^'^'*) dxih--- AdxnAdS,iA---d£,}j 
( d 

= res y—^T^n+i{x, i) dxi A • • • A dxn A i A • • • d$n 



= (-1)' ^res (d (r_„+i(x, d^i A • • • A A • • • A dC„)) 



= 0. 
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Applying this to r := a a' yields the first part of the corollary. A similar proof 
replacing by using Stokes' formula applied to := r_„(x,^) A ■ ■ ■ A 
dxi A c?^i A • ■ • A df„ gives the second equality of the corollary. □ 

Corollary 2 The Wodzicki residue defines a trace on the subalgebra CScomiU) G 
CS{U) of symbols with compact support in x 

res([cr, G%) = Vcr, a' G C4omp(C/, C) 

where we have set [cr, cr']* :~ a * a' — a * a' . 

Proof: We use the asymptotic development of the left product of symbols. There 
exists a positive integer N such that : 

res(a*a')= E ll^^^^d^a-d^a'). 

k<N \a\=k 

Indeed, the remainder term will be of order < — n for sufficiently big N , and then 
will have vanishing residue. By the above lemma, we have for a, a' G CS{U) with 
compact support in U 

res((7*a') = ^ i^"'^ ^ics {d^a ■ 8^') 

\a\<N ^' 

= E H)'"'i[resa"a|'a.a') 

|q|<7V 
\a\<N 

= res(cr' * cr). 

□ 

3.3 A Wodzicki residue cycle on zero order classical symbols 

The exterior differential: 

d : n'' CS{U) Vl''+^ CS{U) 
obeys the usual "Leibniz rule": 

d {a A, P)^daA^l3+ (-l)'^a A, d(3 Va £ n''CS{U),(3 G n*CS{U) 

as can easily be checked from Q and © so that C Scom{U) , d) is a graded 
differential algebra with CScom{U) equipped with the left product of symbols. 
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Theorem 2 Let C'Scom{U) be equipped with the left product of symbols. The triple 
{^CScom{U),d,Tes) yields an 2n-cycle which we refer to as the Wodzicki residue 
cycle. 

Proof: As previously observed, the Wodzicki residue vanishes on ^^CScom{U) 
for k < 2n. It is closed by the Stokes' formula since res((i/3) = for any /? S 

The fact that the ordinary Wodzicki residue defines a trace on CScom{U) imme- 
diately implies: 

res(a A, /?) = (-l)l"l-l/3lres(/3 A, a) 

so that (n C5com(C^), rf, res) defines a cycle. □ 
We call residue character the associated 2n-character (see Appendix A). 

Definition 6 Let the residue k-cochain denote the k + l-linear form on CScom{U) 

Xfc'"'(o'o,--- ,0-fe) = res ((To * c^cTi A, ••• A, dcTfc) 
for all fjo, • • • , o-fe e CS'com(C^)- 

Residue fc-cochains vanish for k < 2n and the residue character is the 2n-residue 
cochain X2n- It satisfies the following properties (with the notations of Appendix 
A): 

• Boxf;: = and Bxf,! = 0, 

• ^*X2n ~ where 6* is the Hochschild coboundary operator associated with 
the left product on symbols. 

Restricting to zero order symbols we get: 

Theorem 3 For any symbols do, • • • , <^2n G C S^^„^{U) , 

X2n (^o,--- ,o-2„) = res(a-o d(Ti A • • • A d(T2n) 

= / j*Lx{al^da^ A---Ada^,^) 

J S'U 

(-1)" 

= 1— A [res (o-Q & {(^1,^2) ■■■ {(J2n-1, cr2n))] ■ 

Here af stands for the leading symbol of ai and where we have set 9{ai,(7j) = 
(Ti — ai ■ (Tj as in section 1. A denotes the antisymmetrisation over all but the 
first variable. 

Proof: The difference ctq * dai A* ■ • • A, da2n — co dai A • • • A da2n has clearly 
vanishing residue as top form of order < — 1, hence the first equality. The second 
equality then follows since the top order term (aodai A • • • A da2n)o is precisely 
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As for the last equality, we have 6{ai,aj) ~ ^ 



\a\=£0 



d^aid^dj so that 



A [res ((To 6' (cti, 0-2) • • • 6* {(T2n-l,(J2n))] 



= A 




res f CTo 9_?Vi 5"V2 • • • 9^"CT2„-i 




^ X! (-«)"l'es (cTq %i en 0-2 •• • %^ Cr2n-1 5:^,^ Cr2n) 



ii ,...,i„ 



res (ctq dui A (iCT2 A • • • A da2n-i A da2n) ■ 



□ 



4 Cut-ofF integrals of symbol valued forms and 
cosphere cochain 

4.1 Cut-off integrals extended to classical symbols valued 



Defining cut-off integrals amounts to extracting finite parts from otherwise diver- 
gent integrals, a procedure which we recall here (without proofs) in the case of 
ordinary classical symbols |H1j ISIj |KVj . 

Proposition 4 Let U be an open subset of IR" and let x E U . Given a ~ 
J2i^oX<^rn-i £ CS™{U), the expression /q.(q ^) ""(s^, ^''■^ '^'^ asymptotic ex- 
pansion 



where c{x),ai{x),b{x) G (C. The finite part called the cut-off integral of a{x,-) 



forms 




ai{x) 



m — i -\- n 



+ b{x) logR 
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which is given by the constant c{x) reads: 

4 aix,Od^ ■■= iPR^oo [ ^{x,Odi (5) 
Jt'u Jb'Ao.r) 



Jt;U-B'{0,1} 

Y] — / crm^i{x,OdsC (6) 



2—0, m—i-\-n^O 



If cr € CScom{V) we set 

4 (^{x,C) dx 4 a{x,^). 

JT'U Ju JT'U 

The constant h{x) coincides with the local Wodzicki residue density ieSx{o'). When 
it vanishes, the finite part fpn^ao Ib*{o r) '^(^^0 dC, is independent of the rescaling 
R ^ XR. Specifically, this holds for non integer order symbols. 

Remark 4 This cut-off integral extends the ordinary integral in the following 
sense; if a has order smaller than —n then /g.(Q ^) ""(s;, ■f) converges when 
R ^ CO and §j„jj o(x, dx — cf(x, d^. 

Definition 7 The cut-off integral on T*U of a form a = j ai^jdxj A d^j S 
flCS{U) with compact support in x is defined by: 

4 a 4 aj^,j{x,£^) dxi A ■ ■ ■ A dxnd£,i A d^n if l-^l = l>^l = 
Jt*u Jt*u 

and which vanishes otherwise. 



As in the case of ordinary integrals, we recover the cut-ofF integral on symbol 
valued functions a G CS^'^{U) via the integral on forms by integrating the top 
form (t(x, ^) dx A dS, setting: 

4 cr(x,0:==7 a-{x,^)dxAd^ 
Jt'u Jt^u 

where the right hand side is now seen as a cut-off integral on a symbol valued form. 



Similarly to ordinary integrals, cut-off integrals on forms satisfy Stokes' property 
(compare with Lemma 5.5 in |LPj \ 
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Theorem 4 Let U he an open subset of K" and let (3 £ fi^" ^CScom{U) he a 
symbol valued form. Then 

1 ^^ = y] / Pi,J, -n+i{x, ^)dxi A d^j 
Jt'U j j Js*(o,i) 

so that Stokes' formula: 

/ d/3 = 

Jt'U 

holds whenever (3 G CSf^JU). 

Here P{x,^) = J2i,jc{i.-- M,\i\+\J\=2n-i f^i.ji^^O dxi A d^ with (3i^j G CS{U). 

Proof: The 2n - 1 form reads ^{x, ^) = E/„7c{ir-- ,n},|/|+|,/|=2n-i Piji^, dxj A 
d^j with /3i^j e CS'^^([/) so that, letting B*{0,R), resp. 5*(0,i?) be respectively 
the ball in the cotangent bundle of radius R centered at the origin, and the sphere 
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in the cotangent bundle of radius R centered at the origin, we have 

4 df3 = Vf d {f3i.j{x,0dxi Adij) 
Jt'U jjJt'U 

= X'fPfl^oo / d {I3i^j{x,^)dxi Ad^j) 

, , Jb'(o.r) 



I.J 



y^fPfl^oo / Pi,j{x,C)dxi Ad^j 

using Stokes' property for ordinary integrals 

N 

y] Yl fPfl^oo / X(0 ,nj,j~j~\j\ {x, dxi A dij 

JS'(O.R) 



I, J j=0 



/S*(0,i?) 

+ Jim / /3/.,/,(Ar) 

N 

(where f3i^j = ^ x mj,j-j~| j| + /3i,j,{n)) 

N 

,J, mi^j—j—\J\ (■^7 

£,) dxi A dO 

I.J j=0 JS'{0,R) 

since lim \^r~^Pi.j{N){x,S,) = and x = 1 outside B*{0, 1) 

|^|-^oo 



EEfPfl-oo^'"^"'-'"'^'+""' / f3i,j.m,,-j-\Jiix,0dxiAdU 

I, J J (0,1) 

= whenever mjj — j — \ J\ + n — 1 =/= 0, 

= E / Pi, J, -n+i{x, £,) dxi A d^j otherwise 
J J Js*{o,i} 

where m/^j ^ 2i is the order of □ 
As a consequence, cut-off integrals on non-integer order symbols satisfy an 
integration by parts formula: 

Corollary 3 For any a E CScomiU) then 

-I -^a{x,i)didx ^ {-ly^^ [ a-n+iix,^)d^iA---Adl,A---AdS,nAdxiA---Adxn. 

JT-U Js'(0,l) 

In particular, if a S CSf^{U) then 



T jrT'^{x,£,)didx^O V^e {I,--- ,n}. 
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Proof: Applying Stokes' formula to /3 cT(a;, ^) d^i A • • • A rf^i A • • • A Adxi A 
• ■ • A dxn we have: 

/ -^^{^^Odi = (-1)'"^/ rf(cr(x,^)d^i A---Ad^iA---Ad^„ Adxi A---A(ix„) 

= {-iy~^ a-n+i{x,$,)d^i A ■ ■ ■ A A ■ ■ ■ Ad^n A dxi A ■ ■ ■ Adxn- 

This last term vanishes whenever cr has non integer order. □ 
The integration by parts formula yields translation invariance of cut-ofF inte- 
grals on non integer order symbols. 

Corollary 4 For any a E CScom {U) 

/ G{x,i + T])dxdS,^ j a{x,Odxd^ Wri e C°° {U,T*U). 
If<jeCSf±{U) then 

/ a(x,C + ?7)dxd^ = / crix,^)dxd^ Vt? e C°°(C/, r*[/). 

Proof: A Taylor expansion rj h-s- + /y) in 77 at yields, for any x € U, the 
existence of some 6* £]0, 1[ such that: 

Since cr has non integer order symbol, neither has D'^cr an integer order. After 
integrating over [/, the terms corresponding to \a\ 7^ vanish by the integration 
by parts formula, as a result of which we are left with the |a| = term and 

-f <7{x,£^ + T]) dx d^ = 4 (t{x,S) dx d£^. 

JT'U JT'U 

□ 

4.2 The cosphere cochain as a So-coboundary 

Definition 8 Let the cosphere k-cochain denote the {k+l)-linear form on CScomiU) 

V'fc(cro, • • • = / j* ((To * dcTi Ah. • ■ • Ah. dcrfc)p 

JS'U 

for all (To, ■ ■ • ,0-fc G CScom{U). 
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Since ipk vanishes for fc < 2n — 1, we shall focus on 'ip2n-i- 

We introduce a cochain on CScom{U) built from cut-off integrals of classical symbol 
valued forms: 

Definition 9 For any ctq, • • • , crfc G CScom{U) we set 

xT^°^i^o, • ■ ■ , c^fc) = f (cTo * dcTi A, • • ■ A, dcrfc)o ■ 

JT'U 

Remark 5 X^"' °^ vanishes for k < 2?! so that we focus on the 2n-cochain 

cut— off 

By Stokes' formula for cut-off integrals on non integer order symbol valued forms, 
we have (with Bq as in Appendix A): 

D ^^cut — off/ ^ \ ^^cut — off/1 ^ „ \ 

^0X2,1 [CTq,- ■ ■ ,(T2n-l) = X2n ( 1 , CTq , ■ • • , Cr2„- 1 j 

{daa A, • • • A, da2n-i)Q 

T'U 

d (do A, d(Ti A* ■ • • A, da2n-i)Q 

T'U 

= 

whenever the sum of the orders of the ais is non integer. 

However, X2n~°^ not cyclic in general; the obstruction to its cyclicity is mea- 
sured by the cosphere cochain. 

Proposition 5 

n ^, cut — off „ \ ^,cut— off/1 „ „ \ 

^0X2n (CTo, 0-2,1-1 j = X2n ( -L , CTo , • • • , Cr2„- 1 j 

= V'2n-l(o'0, ■ ■ ■ , 0-2„-l) 

for any ctq, • • • , cr2ji— i G CScom{U'). 

It vanishes whenever the <7i 's have orders which sum up to a non integer. 
Proof: 

-SoX2ri'~°'^(o'Oi • • ■ , Cr2„-l) = X2n'~°'^(l' ^^0, ' ' ' , 0-2„-l) 

(fi(To A* • • • A* da-27i-i)o 

T'U 



= fPfl^oo / d (ctq * rfcTi • • • A* (icr2n-l)o 

= fPfl-oo / ((To * rfcTi ■ • • A* dcr2n-l)o 
= / (do * A* • • • A* dcr2n-l)o 

Js*(o,i) 



•(0,: 

^"271-1 (co, CTi, • • • , (T2„-l) . 
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□ 



5 The Wodzicki residue extended to forms as a 
complex residue 

Wc first recall how the ordinary residue density on symbols can be interpreted as 
a complex residue via cut-ofF integrals of symbols. 

5.1 The Wodzicki residue density on symbols as a complex 
residue 

Recall that given an open subset U C H" (resp. an ?i-dimensional manifold M), 
for any real number m the class CS^„^{U) of classical symbols of order m with 
compact support on U (resp. of classical symbols of order m) can be equipped 
with a natural Frechet topology so that Ume IR ^'^com(f^) comes equipped with 
an inductive limit Frechet topology. We first recall the notion of holomorphic 
regularisation (see e.g.jE] for & review of various regularisations): 

Definition \0 A holomorphic regularisation procedure on CScom{U) is a map 

n : CScoraiU) ^ Hol iCScoraiU)) 

where Hol {C Scom{U)) is the algebra of holomorphic maps with values in C Scom{U), 
such that 

1. ct(0) = (J, 

2. 'j{z) has holomorphic order a{z) (in particular, a{Q) is equal to the order of 
a) such that a'{0) ^ 0. 

By holomorphic map we mean that each positively homogeneous component a a{z)-j{z) 
is holomorphic and that for any integer N > 1 the remainder 

N-l 

'^{N){z){x,£,) := cr(z)(a;,^) - ^ cra(z)-j{z){x,0 

is holomorphic in z as an element of C°°{U x IR") with fc*^ z-derivative 

a(%(z)(x,C) a,^(a(^)(z)(x,0) & S"(^)-^+^(C/, F) (7) 

for any e > 0. 
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A first example of holomorphic regularisation is tlic well known Riesz regularisa- 
tion, which sends a classical symbol a of order m to 

N 

with the notations of and where N is chosen large enough so that m — N < —n. 
Generalisations of the type 

N 

<j ^ <j{z){x, H{z) xiO <Jc.-j{x, ■ lei"' + '^(N) {x, 

where 7f is a holomorphic function such that H[Q) = 1 include dimensional regu- 
larisation which arises in physics (see [F]). 

Remark 6 

Proposition 6 JC^ . fKVf . Jl^ Given a holomorphic regularisation procedure TZ : 
a I— > a{z) on CScom{U) and any symbol a € CScom{U), for any x £U the map 
z I— > §7p,jj d^a{z) (resp. z t— > jj,,^ dx a{z)) is meromorphic with simple poles 

at points in a~^{[—n, +oo[r]'Zi) where a is the order of a{z). Moreover for any 

xeu 

Res^=o 4 cr{z){x, £,) d^ ^ TTT^rcs^i'^iO)), 

respectively 

Res^^o 4 cr{z){x, dS, = — res(cr(0)). 

Jt'U a (0) 

On the grounds of this proposition we set: 

Definition 11 The TZ- regularised integral of a £ CScom{U) is defined by: 



a{x,^)d^ := fp;,^o 7 cr(z)(x,^)d^ 

T'U JT'U 



limf/ d^a{z){x,0--Res,=o-[ d^<j{z){x,o] 

z-^Q \Jrp'U Z JT'U J 
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Proof of the proposition: We identify T*U with IR" using a coordinate chart. 
From equation jSJ we have 



H" "'-8(0,1) 

N ^ 

- Y] -ri r- — / craiz)-ziz)ix,^)d^ 

f7(z)(x,e)dC 

5(0,1) 



,=o,a(^^.+„^o ^m-^ + n + a'iQ)z + o(z) Js^^o.i) 
'^{N){z){x,£,)d^, 

where we have written a{z) — a(0) + a'{0).z + o{z). As a consequence, we have 
that: 



Resj^o f 

J IR" 



Res^^o / cr{z){x,^)dS, 
Jb{qs) 

Res^^oy" — : — TTTT. : — / (^a{z)-i{z)ix, ^) 

a{0) -i + n + a'{0)z + o{z) Js(o,i) 



+ Res2=o / cr{N){z)ix,£,)d^ 

IR" 



1 



a'(0) 



a_„(0)(a;,e)rfe 

S(0,1) 



^^rcs^(cr(0)). 



This result extends to classical symbol valued forms. 
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5.2 Cut-off integrals of holomorphic families of symbol val- 
ued forms 

Definition 12 A holomorphic regularisation procedure on CICS{U) is a map 

n-.nCcomiU) -> nRo\{CScorn{U)) 

where 

I, J 

z^ujij{z) lies in HolC5(C/) 
for all multi — indices J, J} 

and 

1. tj(0) = w, 

2. uj{z) has holomorphic order a{z) (in particular, ol[Q) is equal to the order of 
u) such that a'{0) ^ 0. 

Remark 7 Clearly, any holomorphic regularisation TZ on CScom{U) induces one 
on nCScom{U) setting: 

■R{uj) = ^ TZ{uJij)dxi A d^j. 
i,j 

Theorem 5 Given a holomorphic regularisation procedure IZ : lo t-^ uj{z) on 
flCScomiU) induced by a regularisation TZ : a ^ f (^) on C Scom{U) and any sym- 
bol valued form uj g D,CScom{U), the map z H' uj{z) (resp. z i— > §?p,jj ^{z)) 
is meromorphic with simple poles at points in a"^ ([— n, +C!o[ nS) where a is the 
order of uj{z). Moreover for any x £ U 

Res^^o / uj{z){x,£,) = ;^res^(w(0)), 

respectively 

ReS;,=o 4 uj{z){x,£,) = — -res(a;(0)). 

Jt'U a (0) 

On the grounds of this theorem, we set the following definition: 
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Definition 13 The TZ- regularised integral of lj ^ flCScomiU) is defined by: 

T'U JT*U 

:= lim 



-^0 \Jrp,lJ z jt*u J 



Proof of tiie theorem: The result follows from applying Proposition to each 
component (jJ/j(z) of the form U!{z) = ^ij{^)dxi A d^j. The symbol valued 
form ujij{z) has order aij{z) = a{z) — \J\ so that a'jj{0) = a'{0). Since z i-^ 
§T'U ^ui'^) meromorphic with simple poles so is z i— > ^i^) we have 

R.es^=o 7 '^iz){x,£,) = Rcs^^o -/ ujij{z){x,£,) dxi A d^j 
Jt^u jj Jt-u 

= , \p^/ es^(^jj(0))rfa;7 A 

by Proposition 

= j77^ y] reSj;(w/,/(0)) dxi A d^j 

a (0) ^ 

1 

resi:([j(0)), 



a'(0) 



□ 



Stokes' formula holds as an equality of meromorphic functions: 

Theorem 6 Given a holomorphic regularisation procedure TZ : lo t-^ ^(z) on 
flCScomiU) induced by a regularisation TZ : a i—f a{z) on C Scom{U) and any 
symbol valued form uj S QCScomiU), we have the following equality of meromor- 
phic functions: 

/ d {uj{z)) ^ 0. 

Proof: Since uj{z) has non integer order outside a discrete set of complex num- 
bers, and since by Theorem^] Stokes' property holds for non integer order symbols 
valued forms, the statement holds outside this discrete set of poles. The mcromor- 
phicity of the function z i— > j^^^^d {uj{z)) proved in Theorem |S1 then yields the 
expected equality of meromorphic functions. 

Remark 8 • This statement in the case of dimensional regularisation and 
transposed to forms built from Feynman type functions as in corresponds 
to Proposition 12 of J^. 



In general, 

duj^O 

IT-U 

since exterior differentiation and regularisation TZ do not "commute". 



f 
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Appendix A 



We recall here a few definitions borrowed from non commutative geometry see 
6-g-Elj |GVF| . Let (v4, *) be an associative algebra over some ring R with unit 
1. The space C" {A,R) of i?- valued n + 1-lincar forms on A corresponds to the 
space of n-cochains on A. Equivalently. these spaces can be seen as spaces of 
i?- multilinear n- forms on A with values in the -R-algebraic dual A*, seen as an 
^-bimodule, where for % S y^* we put a'x(a)a" = x{o-"aa'). 
Following [C] we define the operators Bq and B acting on cochains: 

Definition 14 Let 

Bo : C'iA) ^ C'-^A) 

X '-^ Sox(ao,--- ,a„_i) :=x(l,ao,--- ,a„_i) - (-l)"x(ao,--- ,a„-i,l 

Let B := A Bq where A denotes cyclie antisymmetrisation in all variables so that 

n—1 n—1 

Bx{ao, ■■■ , fln-i) = ^(-l)'x(l, ai, ai+i,- ■ ■ )-(-!)" ^{-^yx{ai,ai+i, ■■■ , a^^i, 

1=0 i=0 

One can check that i?^ = so that B defines a homology on C (A) [21 ■ 

Definition 15 The Hochschild coboundary for the product * of an n-cochain x *s 
defined by: 

n 

&*x(ao, • ■ ■ , fln+i) = ^(-l)-'x(ao, • ■ ■ , aj-ka-j+i, ■■■ , a„+i)+(-l)"+^x(an+i*ao, ' ■ ■ 

It satisfies the condition b^ = and hence defines a cohomology called the Hochschild 
cohomology of 

Definition 16 An n-dimensional cycle is given by a triple (Jl,d,J^ where fl is a 
graded differential algebra on C equipped with the differential d such that d^ ~ 
and J : fl" (£ is a closed graded trace i.e. J is a linear map which, when 
extended to by 0, satisfies 

A/3= -y/JAa, Jdp = 13 e n''-\A). 

An n-cycle on an algebra A on (E is a cycle {fl, d, J) together with a homomorphism 
p : A ^ . The character Xn of an n-cycle is defined by: 



Xn(ao, • • • , a„) = J p{ao) dp{ai) ■ ■ ■ dp{an) "ioi G A. 
Let us also recall that the character of a cycle has the following properties: 
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1. Xn is cyclic i.e. 

Xn(ao, • • • , a„) = (-l)"xn(ai, • • • , a„, ao), Va^ G ^ 

2. Xn(l, ai, • • • , a„) = Va^ e A. 

3. 6xn — where & is the Hochschild coboundary associated with the product 
on A. 
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